UNIT II BRUTE FORCE AND DIVIDE-AND-CONQUER
2.1 BRUTE FORCE

Brute force is a straightforward approach to solving a problem, usually directly based on
the problem statement and definitions of the concepts involved.

Selection Sort, Bubble Sort, Sequential Search, String Matching, Depth-First Search and
Breadth-First Search, Closest-Pair and Convex-Hull Problems can be solved by Brute Force.

Examples:
1. Computinga”:a*a*a*...*a(ntimes)
2. Computing n! : The n! can be computed as n*(n-1)* ... *3*2*]
3. Multiplication of two matrices : C=AB
4. Searching a key from list of elements (Sequential search)

Advantages:
1. Brute force is applicable to a very wide variety of problems.
2. It is very useful for solving small size instances of a problem, even though it is
inefficient.
3. The brute-force approach yields reasonable algorithms of at least some practical value
with no limitation on instance size for sorting, searching, and string matching.
Selection Sort

e First scan the entire given list to find its smallest element and exchange it with the first
element, putting the smallest element in its final position in the sorted list.

e Then scan the list, starting with the second element, to find the smallest among the last n — 1
elements and exchange it with the second element, putting the second smallest element in
its final position in the sorted list.

e Generally, on the ith pass through the list, which we number from 0 to n — 2, the algorithm
searches for the smallest item among the_last n — i elements and swaps it with A;:

! |
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in their final positions | the last n — i elements
e After n — 1 passes, the list is sorted.

ALGORITHM SelectionSort(A[0..n — 1])
//Sorts a given array by selection sort
//Input: An array A[0..n — 1] of orderable elements
//Output: Array A[0..n — 1] sorted in nondecreasing order
fori — Oton—2do
min «—1i
forj«—i+1ton—1do
if A[j |<A[min] min «j
swap A[i] and A[min]
| 89 45 68 90 29 34 17
17 | 45 68 90 29 34 89
17 29 | 68 90 45 34 89
17 29 34 | 90 45 68 89
17 29 34 45 | 90 68 89
17 29 34 45 68 | 90 89




17 29 34 45 68 89 | 90
The sorting of list 89, 45, 68, 90, 29, 34, 17 is illustrated with the selection sort algorithm.

The analysis of selection sort is straightforward. The input size is given by the number of
elements n; the basic operation is the key comparison [j ] < [ ]. The number of times it is
executed depends only on the array size and is given by the following sum:

n—2 n—1 n—2 | n—2 | (n B 1)n
C =% X 1=3O-D-G+D+1]=X0n-1-)= ——
i=0 j=i+1 i=0 i=0

Thus, selection sort is a @(n?) algorithm on all inputs.
Note: The number of key swaps is only ®@(n), or, more precisely n — 1.

Bubble Sort

The bubble sorting algorithm is to compare adjacent elements of the list and exchange them
if they are out of order. By doing it repeatedly, we end up “bubbling up” the largest element to the
last position on the list. The next pass bubbles up the second largest element, and so on, until after
n — 1 passes the list is7 sorted. Pass 1 (0 <1 < n — 2) of bubble sort can be represented by the
following: Ao, . . ., Aj > Ajtty ooy Anicl | Anei <L S A
ALGORITHM BubbleSort(A[0..n — 1])

//Sorts a given array by bubble sort

//Input: An array A[0..n — 1] of orderable elements

//Output: Array A[0..n — 1] sorted in nondecreasing order

fori<—Oton—2do

forj—Oton—2—-ido
if A[j + 1]<A[j ] swap A[j ] and A[j + 1]
The action of the algorithm on the list 89, 45, 68, 90, 29, 34, 17 is illustrated as an example.
7

gg <5 45 g o0 o 34 17
A5 80 <> 68 o0 20 34 17
a5 68 850 <> OO0 <> 29 34 17
45 68 89 29 a0 <> 34 17
as &8 89 29 34 90 & 17
as 68 89 29 34 17 | 90
a5 &5 68 & s\ &> 29 34 17 | o0
45 68 29 80 <& 34 17 | 90
45 68 29 34 89 S 17 | 9o
as e g 34 17 | =9 90

etc.
The number of key comparisons for the bubble-sort version given above is the same for all arrays
of size n; it is obtained by a sum that is almost identical to the sum for selection sort:

n—2 n—2-i n—2 n—2 (1’1 _ 1)1’1
=Y X 1=3O-2-D-0+1]=X-1-D=
i=0 j=i+1 i=0 i=0

The number of key swaps, however, depends on the input. In the worst case of decreasing
arrays, it is the same as the number of key comparisons.

Cyworst() € © (n?)




Time efficiency of this algorithm.

Time efficiency of this algorithm is in O(n?): for each of n(n — 1)/2 pairs of distinct points,
we may need to find the sign of ax + by — ¢ for each of the other n — 2 points.

2.2 EXHAUSTIVE SEARCH

For discrete problems in which no efficient solution method is known, it might be necessary
to test each possibility sequentially in order to determine if it is the solution.
Such exhaustive examination of all possibilities is known as exhaustive search, complete search
or direct search.

Exhaustive search is simply a brute force approach to combinatorial problems
(Minimization or maximization of optimization problems and constraint satisfaction problems).

Reason to choose brute-force / exhaustive search approach as an important algorithm
design strategy

1. First, unlike some of the other strategies, brute force is applicable to a very wide
variety of problems. In fact, it seems to be the only general approach for which it is
more difficult to point out problems it cannot tackle.

2. Second, for some important problems, e.g., sorting, searching, matrix multiplication,
string matching the brute-force approach yields reasonable algorithms of at least
some practical value with no limitation on instance size.

3. Third, the expense of designing a more efficient algorithm may be unjustifiable if
only a few instances of a problem need to be solved and a brute-force algorithm can
solve those instances with acceptable speed.

4. Fourth, even if too inefficient in general, a brute-force algorithm can still be useful
for solving small-size instances of a problem.

Exhaustive Search is applied to the important problems like

e Traveling Salesman Problem
e Knapsack Problem
e Assignment Problem.

2.3 TRAVELING SALESMAN PROBLEM

The traveling salesman problem (TSP) is one of the combinatorial problems. The problem
asks to find the shortest tour through a given set of # cities that visits each city exactly once before
returning to the city where it started.

The problem can be conveniently modeled by a weighted graph, with the graph’s vertices
representing the cities and the edge weights specifying the distances. Then the problem can be
stated as the problem of finding the shortest Hamiltonian circuit of the graph. (A Hamiltonian
circuit is defined as a cycle that passes through all the vertices of the graph exactly once).

A Hamiltonian circuit can also be defined as a sequence of n + 1 adjacent vertices
vio, Vi1, . . ., Vis—1, vio, where the first vertex of the sequence is the same as the last one and all the
other n — 1 vertices are distinct. All circuits start and end at one particular vertex. Figure 2.4
presents a small instance of the problem and its solution by this method.




Tour Length
a--->b-->c-->d-->a [=2+8+1+7=18
a-->b--->d->c-->a 1=2+3+1+5=11 optimal
a--->c--->b--->d--->a [=5+8+3+7=23
a---—>c-->d-->b--->a I=5+1+3+2=11 optimal
a--->d-->b-->c-->a [=7+3+8+5=23
a--->d->c->b-->a [=7+1+8+2=18
FIGURE 2.4 Solution to a small instance of the traveling salesman problem by exhaustive search.

Time efficiency

e We can get all the tours by generating all the permutations of n — 1 intermediate cities
from a particular city.. i.e. (n - 1)!

e Consider two intermediate vertices, say, b and ¢, and then only permutations in which b
precedes c. (This trick implicitly defines a tour’s direction.)

e An inspection of Figure 2.4 reveals three pairs of tours that differ only by their
direction. Hence, we could cut the number of vertex permutations by half because cycle
total lengths in both directions are same.

e The total number of permutations needed is still Zl(n — 1)!, which makes the exhaustive-

search approach impractical for large n. It is useful for very small values of n.

2.4 KNAPSACK PROBLEM

Given n items of known weights wi, wa, . .., w, and values vi, vo, . . ., v, and a knapsack of
capacity W, find the most valuable subset of the items that fit into the knapsack.

Real time examples:

e A Thief who wants to steal the most valuable loot that fits into his knapsack,
e A transport plane that has to deliver the most valuable set of items to a remote location
without exceeding the plane’s capacity.

The exhaustive-search approach to this problem leads to generating all the subsets of the set
of n items given, computing the total weight of each subset in order to identify feasible subsets (i.e.,
the ones with the total weight not exceeding the knapsack capacity), and finding a subset of the
largest value among them.




why =7 s =3 Wy = 4 Wy =5
vy = $42 Wa = 12 Vo = 40 Wa = 25
v
knapsack iterm 1 itern 2 iterm 3 iterm 4

FIGURE 2.5 Instance of the knapsack problem.

Subset Total weight Total value
0] 0 $0
29 7 $42
2} 3 $12
3} 4 $40
4} 5 $25
{1, 2} 10 $54
{1,3} 11 not feasible
{1, 4} 12 not feasible
{2,3} 7 $52
{2, 4} 8 $37
{3, 4} 9 $65 (Maximum-Optimum)
{1,2,3} 14 not feasible
{1, 2,4} 15 not feasible
{1, 3,4} 16 not feasible
{2,3,4} 12 not feasible
{1,2,3,4} 19 not feasible

FIGURE 2.6 knapsack problem’s solution by exhaustive search. The information about the optimal
selection is in bold.

Time efficiency: As given in the example, the solution to the instance of Figure 2.5 is given in
Figure 2.6. Since the number of subsets of an n-element set is 2", the exhaustive search leads to a
(2") algorithm, no matter how efficiently individual subsets are generated.

Note: Exhaustive search of both the traveling salesman and knapsack problems leads to extremely
inefficient algorithms on every input. In fact, these two problems are the best-known examples of
NP-hard problems. No polynomial-time algorithm is known for any NP-hard problem. Moreover,
most computer scientists believe that such algorithms do not exist. some sophisticated approaches
like backtracking and branch-and-bound enable us to solve some instances but not all instances
of these in less than exponential time. Alternatively, we can use one of many approximation
algorithms.




2.5 ASSIGNMENT PROBLEM.

There are n people who need to be assigned to execute n jobs, one person per job. (That is,
each person is assigned to exactly one job and each job is assigned to exactly one person.) The cost
that would accrue if the ith person is assigned to the jth job is a known quantity [ ,j] for each pair

,j = 1,2,..., . The problem is to find an assignment with the minimum total cost.
Assignment problem solved by exhaustive search is illustrated with an example as shown in

figure 2.8. A small instance of this problem follows, with the table entries representing the
assignment costs CTi, j].

Job 1 Job 2 Job 3 Job 4
Person 1 9 2 7 8
Person 2 6 4 3 7
Person 3 5 8 1 8
Person 4 7 6 9 4

FIGURE 2.7 Instance of an Assignment problem.
An instance of the assignment problem is completely specified by its cost matrix C.

9 2 7 8

_6 4 37,
5 8 1 8
7 6 9 4

The problem is to select one element in each row of the matrix so that all selected elements
are in different columns and the total sum of the selected elements is the smallest possible.

We can describe feasible solutions to the assignment problem as n-tuples <ji, . . ., Jn>1n
which the ith component, = 1,..., , indicates the column of the element selected in the ith row
(i.e., the job number assigned to the ith person). For example, for the cost matrix above, <2, 3, 4, 1>
indicates the assignment of Person 1 to Job 2, Person 2 to Job 3, Person 3 to Job 4, and Person 4 to
Job 1. Similarly we can have 4! = 4-3-2-1 = 24,i.e., 24 permutations.

The requirements of the assignment problem imply that there is a one-to-one
correspondence between feasible assignments and permutations of the first »n integers. Therefore,
the exhaustive-search approach to the assignment problem would require generating all the
permutations of integers 1, 2,..., , computing the total cost of each assignment by summing up the
corresponding elements of the cost matrix, and finally selecting the one with the smallest sum. A
few first iterations of applying this algorithm to the instance given above are given below.

<1,2,3,4> cost=9+4+1+4=18 <2,1,3,4> cost=2+6+1+4=13(Min)
<1,2,4,3> cost=9+4+8+9=30 <2,1,4,3> cost=2+6+8+9=25
<1,3,2,4> cost=9+3+8+4=24 <2,3,1,4> cost=2+3+5+4=14
<1,3,4,2> cost=9+3+8+6=26 <2,3,4,1> cost=2+3+8+7=20
<1,4,2,3> cost=9+7+8+9=33 <2,4,1,3> cost=2+7+5+9=23
<1,4,3,2> cost=9+7+1+6=23 <2,4,3,1> cost=2+7+1+7=17,etc

FIGURE 2.8 First few iterations of solving a small instance of the assignment problem by
exhaustive search.

Since the number of permutations to be considered for the general case of the assignment
problem is n!, exhaustive search is impractical for all but very small instances of the problem.
Fortunately, there is a much more efficient algorithm for this problem called the Hungarian
method.




2.6 DIVIDE AND CONQUER METHODOLOGY

A divide and conquer algorithm works by recursively breaking down a problem into two
or more sub-problems of the same (or related) type (divide), until these become simple enough to
be solved directly (conquer).

Divide-and-conquer algorithms work according to the following general plan:

1. A problem is divided into several subproblems of the same type, ideally of about equal size.

2. The subproblems are solved (typically recursively, though sometimes a different algorithm
is employed, especially when subproblems become small enough).

3. If necessary, the solutions to the subproblems are combined to get a solution to the original
problem.

The divide-and-conquer technique as shown in Figure 2.9, which depicts the case of
dividing a problem into two smaller subproblems, then the subproblems solved separately. Finally
solution to the original problem is done by combining the solutions of subproblems.

problem  : ofsizen

subproblem 1of size n/2 subproblem 2 of size n/2

\ 4 A 4

solution to subproblem 1 solution to subproblem 2

'

solution to the original problem

FIGURE 2.9 Divide-and-conquer technique.
Divide and conquer methodology can be easily applied on the following problem.

1. Merge sort
2. Quick sort
3. Binary search

2.7 MERGE SORT

Mergesort is based on divide-and-conquer technique. It sorts a given array A4[0..n—1] by
dividing it into two halves A[0..Ln/2]—1] and A[Ln/2]..n—1], sorting each of them recursively, and
then merging the two smaller sorted arrays into a single sorted one.

ALGORITHM Mergesort(A[0..n — 1))
//Sorts array A[0..n — 1] by recursive mergesort
//Input: An array A[0..n — 1] of orderable elements
//Output: Array A[0..n — 1] sorted in nondecreasing order
ifn>1
copy A[0..Ln/2] — 1] to B[0..Ln/2] — 1]
copy A[Ln/2]..n — 1] to C[0..]n/2] — 1]
Mergesort(B[0..Ln/2] — 1])
Mergesort(C[0.. In/2] —1])




Merge(B, C, A) //see below

The merging of two sorted arrays can be done as follows. Two pointers (array indices) are
initialized to point to the first elements of the arrays being merged. The elements pointed to are
compared, and the smaller of them is added to a new array being constructed; after that, the index
of the smaller element is incremented to point to its immediate successor in the array it was copied
from. This operation is repeated until one of the two given arrays is exhausted, and then the
remaining elements of the other array are copied to the end of the new array.

ALGORITHM Merge(B[0..p — 1], C[0..g — 1], A[0..p +g—1])
//Merges two sorted arrays into one sorted array
//Input: Arrays B[0..p — 1] and C[0..q — 1] both sorted
//Output: Sorted array A[0..p + g — 1] of the elements of B and C
i «0;j «0; k<0
while i <p and j <q do
if B[i]< C[j ]
Alk]<B[i];i —i+ 1
else A[k]—C[j |;j«—j + 1
k—k+1
ifi=p
copy Clj..q — 1]to A[k..p + g — 1]
else copy Bli.p — 1]to A[k.p + g — 1]
The operation of the algorithm on the list 8, 3, 2, 9, 7, 1, 5, 4 is illustrated in Figure 2.10.
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FIGURE 2.10 Example of mergesort operation.

The recurrence relation for the number of key comparisons C(n) is
C(I’l) = 2C(I’l/2) + Cmerge(n) for n > 1, C(l) =0.

In the worst case, Cperge(n) = n — 1, and we have the recurrence




CWOFSt(n) = 2CWOrst(n/2) + n— 1 fOI' n > 1, Cworst(l) = O

By Master Theorem, Cyorsi(n) € O(n log n)
the exact solution to the worst-case recurrence for n = 2%
Cworst(n) =n Ing n—n+l.

For large n, the number of comparisons made by this algorithm in the average case turns out
to be about 0.257 less and hence is also in ® (n log n).

First, the algorithm can be implemented bottom up by merging pairs of the array’s elements,
then merging the sorted pairs, and so on. This avoids the time and space overhead of using a stack
to handle recursive calls. Second, we can divide a list to be sorted in more than two parts, sort each
recursively, and then merge them together. This scheme, which is particularly useful for sorting
files residing on secondary memory devices, is called multiway mergesort.

2.8 QUICK SORT

Quicksort is the other important sorting algorithm that is based on the divide-and-conquer
approach. quicksort divides input elements according to their value. A partition is an arrangement
of the array’s elements so that all the elements to the left of some element A[s] are less than or
equal to A[s], and all the elements to the right of A[s] are greater than or equal to it:

A[0]. .. A[s = 1] Als] Als+1]... Aln - 1]

all are <A[s] all are 24[s]
Sort the two subarrays to the left and to the right of A[s] independently. No work required to
combine the solutions to the subproblems.

Here is pseudocode of quicksort: call Quicksort(A[0..n — 1]) where As a partition algorithm use the
HoarePartition

ALGORITHM Quicksort(A[l..r])
//Sorts a subarray by quicksort
//Input: Subarray of array A[0..n — 1], defined by its left and right indices / and
//Output: Subarray A[/..r] sorted in nondecreasing order
ifl<r
s «—HoarePartition(A[l..r]) //s is a split position
Quicksort(A[l..s — 1])
Quicksort(A[s + 1..r])

f—¥ —
o all are = p =D _—_ =0 all are = p
— I —
o all are = p <D =p all are = p
=}
o] allare = p =3 all are = p




ALGORITHM HoarePartition(A[l..r])
//Partitions a subarray by Hoare’s algorithm, using the first element as a pivot
//Input: Subarray of array A[0..n — 1], defined by its left and right indices / and r (I<r)
//Output: Partition of A[[..r], with the split position returned as this function’s value
peA[l]
il je—r+1
repeat
repeat i «—i + 1 until A[/]>p
repeat j «—j — 1 until 4[] |<p
swap(A[i], A[j ]
until i >
swap(A[i], A[j ]) //undo last swap when i >
swap(A[/], A[j )
return j
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FIGURE 2.11 Example of quicksort operation of Array with pivots shown in bold.
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FIGURE 2.12 Tree of recursive calls to Quicksort with input values / and r of subarray bounds and
split position s of a partition obtained.

The number of key comparisons in the best case satisfies the recurrence

Chest(n) =2Chest(n/2) +nforn>1,  Crest(1) =0.

By Master Theorem, Chesi(n) € O(n logz n); solving it exactly for n = 2% yields Cuesi(n) = n logz n.
The total number of key comparisons made will be equal to
Cworstn)=m+1)+n+...+3=(n+1)(n+2))/2-3 €Owm?).

n—1

1
Cmij{”] = ZI{” +1)+ ‘:1|rl'|."1-‘1'.-:| & Cm'e{” =3 5]1 forn =1,
n i ' !

{_'f"*'i'[{]] =0, C:u';q':.l} =1J.

Cavg(n) 7 2n In n = 1.39n log, n.

2.9 BINARY SEARCH

A binary search is efficient algorithm to find the position of a target (key) value within a
sorted array.

e The binary search algorithm begins by comparing the target value to the value of the
middle element of the sorted array. If the target value is equal to the middle element's
value, then the position is returned and the search is finished.

e If the target value is less than the middle element's value, then the search continues on
the lower half of the array.

o if the target value is greater than the middle element's value, then the search continues
on the upper half of the array.

e This process continues, eliminating half of the elements, and comparing the target value
to the value of the middle element of the remaining elements - until the target value is
either found (position is returned).

Binary search is a remarkably efficient algorithm for searching in a sorted array (Say A). It
works by comparing a search key K with the array’s middle element A[m]. If they match, the
algorithm stops; otherwise, the same operation is repeated recursively for the first half of the array
if K <A[m], and for the second half if K >A[m]:




i
A[0]. .. A[m - 1] A[m] Am+1]...4[n - 1]
Search here if k < 4[m] Search here if k > A[m]

Though binary search is clearly based on a recursive idea, it can be easily implemented as a
nonrecursive algorithm, too. Here is pseudocode of this nonrecursive version.

ALGORITHM BinarySearch(A[0..n — 1], K)
//Implements nonrecursive binary search
//Input: An array A[0..n — 1] sorted in ascending order and a search key K

//Output: An index of the array’s element that is equal to K/ or —1 if there is no such
element

[—0;r—n-—1
while /<r do
m«— L(l +1)/2]
if K= A[m] return m
else ifK <A[m]
r—m-—1
else/—m+1
return —1

The standard way to analyze the efficiency of binary search is to count the number of times
the search key is compared with an element of the array (three-way comparisons). One comparison
of K with A[m], the algorithm can determine whether K is smaller, equal to, or larger than A[m].

As an example, let us apply binary search to searching for K = 70 in the array. The iterations
of the algorithm are given in the following table:

index 0 1 2 3 4 5 6 7 8 9 10 11 12
value | 3]14]27]31]39] 42| 55] 70| 74| 81] 85| 93| 93|

iteration1 / m r
iteration 2 / m r
iteration 3 Im r

The worst-case inputs include all arrays that do not contain a given search key, as well as

some successful searches. Since after one comparison the algorithm faces the same situation but for
an array half the size,

The number of key comparisons in the worst case Cworst(n) by recurrence relation.

o Cworst (l’l) = LlOgZ n] + 1: ]lng(n + 1)] o Cworst (Zk) = (k+ 1) = lng k + 1 fOl’ Il:2k
e First, The worst-case time efficiency of binary search is in @(log n).

e Second, the algorithm simply reduces the size of the remaining array by half on each

iteration, the number of such iterations needed to reduce the initial size n to the final size 1
has to be about log; 7.




e Third, the logarithmic function grows so slowly that its values remain small even for very
large values of n.

The average case slightly smaller than that in the worst case
Cave(n) =loga n

The average number of comparisons in a successful is
Cug(n)=logan—1

The average number of comparisons in an unsuccessful is
Cug(n) =loga(n + 1).

2.10 MULTIPLICATION OF LARGE INTEGERS

Some applications like modern cryptography require manipulation of integers that are over
100 decimal digits long. Since such integers are too long to fit in a single word of a modern
computer, they require special treatment.

In the conventional pen-and-pencil algorithm for multiplying two n-digit integers, each of
the n digits of the first number is multiplied by each of the n digits of the second number for the
total of n? digit multiplications.

The divide-and-conquer method does the above multiplication in less than n? digit
multiplications.

Example: 23 %14 =(2-10'+3- 10 * (1 - 10' +4 - 10°)
— 2% 1)I02+ (2 *4+3 « 1)10' + (3 * 4)10°
=2-102+11- 10" +12- 10°
=3-102+2: 10" +2- 10°
=322

The term (2 * 1 +3 *4) computed as 2 x4 +3 x 1=(2+3) * (1+4)— (2 * 1) — (3 x 4). Here
(2 *x1)and (3 *4) are already computed used. So only one multiplication only we have to do.

For any pair of two-digit numbers a = a1ao and b = b1bo, their product ¢ can be computed by
the formula ¢ = a * b= 210? + ¢110' + ¢y,

where
c2 = ay * by is the product of their first digits,
Co = ap * by is the product of their second digits,
c1 = (a1 +ao) * (b1 + bo) — (c2 + co) is the product of the sum of the
a’s digits and the sum of the b’s digits minus the sum of c2 and co.

Now we apply this trick to multiplying two n-digit integers a and b where n is a positive
even number. Let us divide both numbers in the middle to take advantage of the divide-and-
conquer technique. We denote the first half of the a’s digits by a1 and the second half by ao; for b,
the notations are b1 and by, respectively. In these notations, a = aiao implies that a = a110"? + ao
and b = b1bo implies that b = b110"2 + bo. Therefore, taking advantage of the same trick we used for
two-digit numbers, we get

C =axb=(al0"+ ag) * (b110" + by)
= (a; *b1)10" + (a; *bo + ap * b)) 10" + (ap * by)
= 210" + ¢110" + ¢y,
where
c2= a1 * by is the product of their first halves,




co = ao * bo is the product of their second halves,
c1=(ai+ag) * (b1+ bo) — (c2+ o)

If n/2 is even, we can apply the same method for computing the products c», co, and ci.
Thus, if n is a power of 2, we have a recursive algorithm for computing the product of two n-digit
integers. In its pure form, the recursion is stopped when n becomes 1. It can also be stopped when
we deem 7 small enough to multiply the numbers of that size directly.

The multiplication of n-digit numbers requires three multiplications of n/2-digit numbers,
the recurrence for the number of multiplications M(n) is M(n) = 3M(n/2) forn > 1, M(1) = 1.

Solving it by backward substitutions for n = 2* yields

M(29=3M2"")
= 3[3M(2" )]
= 32M(2¢Y

= 3iM(2)

— 3kM(2k—k)
=3t
(Since k= logz n)
M(n) — 310g2 n_ nlog23 ~ n1.585.

(On the last step, we took advantage of the following property of logarithms: a'°2,¢ = c°2 ;%)

Let A(n) be the number of digit additions and subtractions executed by the above algorithm
in multiplying two n-digit decimal integers. Besides 34(n/2) of these operations needed to compute
the three products of n/2-digit numbers, the above formulas require five additions and one
subtraction. Hence, we have the recurrence

Am)=3-Am/2)+cnforn>1, A(1) = 1.
By using Master Theorem, we obtain A(n) € @(n'°%;3),

which means that the total number of additions and subtractions have the same asymptotic
order of growth as the number of multiplications.

Example: For instance: a=2345,b=6137, i.e., n=4.
Then C =a * b = (23*10%+45)*(61*10%+37)
C =axb=(al0+ ag) * (b110" + by
= (a; *b1)10" + (a; *bo + ap * b)) 10" + (ap * by)
=(23 *61)10* + (23 * 37 +45 * 61)10% + (45 * 37)
=1403+10* + 359610% + 1665
= 14391265




2.11 STRASSEN’S MATRIX MULTIPLICATION

The Strassen’s Matrix Multiplication find the product C of two 2 X 2 matrices 4 and B with
just seven multiplications as opposed to the eight required by the brute-force algorithm.

‘o0 Cor | _| %m0 9m |, boo by
ST ay ar b by
| mtmy—ms+my M3+ My
- Mg+ Wy my + Mg — My 4 Mg
where
my = (agg + aq1) * (bgg + b11),
Ma = I:_I'JHJ + y |.} * b[};}.
Aty = dpg * (bpy — by1q)s
my =y * (byp — bpg).
ms = (agg + agy) * by,
Mg = |:|fi|_|:_| === al;.:|1,| & [E‘-‘Il:ﬂ..' - h,_”.].

mg = (agy — aq1) = (b + biq).

Thus, to multiply two 2 x 2 matrices, Strassen’s algorithm makes 7 multiplications and 18
additions/subtractions, whereas the brute-force algorithm requires 8 multiplications and 4 additions.
These numbers should not lead us to multiplying 2 x 2 matrices by Strassen’s algorithm. Its
importance stems from its asymptotic superiority as matrix order n goes to infinity.

Let 4 and B be two n X n matrices where n is a power of 2. (If n is not a power of 2,
matrices can be padded with rows and columns of zeros.) We can divide 4, B, and their product C
into four n/2 x n/2 submatrices each as follows:

[‘:m.u | C{II:| |:f‘m] | ﬂ-.u} |:B'.]':J | 3ﬂ|:|
= *
Cio | Ciy A1n | Ay By | By
The value Coo can be computed either as Aoo * Boo + Ao1 * Bio or as M1 + Ms — Ms + M;
where Mi, Mas, Ms, and M7 are found by Strassen’s formulas, with the numbers replaced by the

corresponding submatrices. The seven products of #n/2 % n/2 matrices are computed recursively by
Strassen’s matrix multiplication algorithm.

The asymptotic efficiency of Strassen’s matrix multiplication algorithm

If M(n) is the number of multiplications made by Strassen’s algorithm in multiplying two
nxn matrices, where n is a power of 2, The recurrence relation is M(n) = 7M(n/2) for n > 1, M(1)=1.

Since n = 2%,
M9 = TM2")
= 7[TM2"2)]
= M2+




= 7IM(2+)

= TEM(25%) = T*M(2°) = TFM(1) = 7%(1) (Since M(1)=1)
M) =T~
Since k= logz n,
M(n) =T7"%"
= plog, 7
~ 807

which is smaller than »° required by the brute-force algorithm.

Since this savings in the number of multiplications was achieved at the expense of making
extra additions, we must check the number of additions 4(n) made by Strassen’s algorithm. To
multiply two matrices of order n>1, the algorithm needs to multiply seven matrices of order n/2
and make 18 additions/subtractions of matrices of size n/2; when n = 1, no additions are made since
two numbers are simply multiplied. These observations yield the following recurrence relation:

A(n) =TAn/2) + 18(n/2)? forn > 1, A(1) = 0.
By closed-form solution to this recurrence and the Master Theorem, A(n) € O(n'°¢,7). which is a
better efficiency class than @(n?)of the brute-force method.

Example: Multiply the following two matrices by Strassen’s matrix multiplication algorithm.

1 0 2 1 0 1 0 1
A=[4 1 1 0] B=[2 1 0 4]
01 3 0 2 0 1 1
5 0 2 1 1 3 50
Answer:
C=[00 01]=[00 Ol]X[OO 01]
10 11 10 11 10 11
Where Ago= [1 O] Ao = [2 1] A= 0 1] A= [3 0]
4 1 1 0 5 0 2 1
B00=[O 1] B01=[0 1] Bio— [2 0] B11=[1 1]
2 1 0 4 1 3 5 0
1 0 3 0 0 1 1 1,4 0.1 2. -4 8
Mi = (AootA11)*(BootBir) = ([ 1+ "D "1+ D=l "1+ "=l ]
4 1 2 1 2 1 5 0 6 2 7 1 20 14
Similarly apply Strassen’s matrix multiplication algorithm to find the following.
Tt M N0 VP B VP Sy R VP (i RV
2 8 -9 4 3 0 10 5 -2 -3 -9 —4
Com [ M. o= Pl e )
4 5 1 9 5 8 7 7

N W RN
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